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Abstract 

We give a canonical birational map between the moduli space of pfaffian vector 
bundles on a cubic surface and the space of complete pentahedron inscribed in the 
cubic surface. As a by-product, we give an explicit normal form for five general 
lines in P5 . Applications to the geometry of the Palatini scrolls and the Debarre- 
Voisin hyperkahler manifolds are also discussed. 

1 Introduction 

In the classical theory of determinantal hyp ersurf aces, the case of pfaffian cubics has 
already found many applications. ( |Ma-Ti] . |I-R] . |Dr] ) . This paper presents new in- 
variants for these objects. 

Let P5 be a five dimensional projective space over the complex numbers, and denote 
by Vq the vector space if°((9pg(l)). For n > 2, let 7r„_i be a projective space of dimension 

2 

Definition 1.1 For 2 <n, a general element of /\Vq ^ Wn gives an exact sequence: 

— > v;^®a„_,(-i) ^ v^6®a„_, — ^ F — ^ 

with M = — *M, and where F is a rank 2 sheaf over the divisor defined by the pfaffian 
of M. For n < 6, the sheaf F will be a vector bundle over a smooth cubic divisor, and 
will be called a pfaffian bundle. 

It is known from the classical works on the representation of a cubic form by a pfaffian 
(Cf [Be]), that for > 6 a general cubic divisor is not a pfaffian, and for 3 < n < 5 the 
pfaffian bundles have moduli spaces of strictly positive dimension. 

The section 12] studies the easy case = 3 to introduce some invariants of the pfaffian 
bundles. The universal situation is also described in this section. Many geometric 
interpretations of the next sections are specializations of this construction. 
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The section 13] details the case n = A. The hnk with Palatini threefolds is tautological. 
Those varieties are well-known to be the only known examples of smooth 3 dimensional 
varieties X in P5 such that /i°((9x(2)) > h^{0]p^{2)). One can find references for their 
Hilbert scheme ( |Fa-Fa] . |Fa-Me] ). and also references where they are in a list of ex- 
ceptions to some geometrical property (cf |Me-Po] . |0t]). But some studies for their 
own properties are still missing. For instance, the full description of their anticanonical 
system given in this section seems new. The analogy with a Veronese surface embedded 
in P4 is often done, but in the Palatini's case, no description in terms of endomorphisms 
of rank one is known. The remark 13.101 gives some results in this direction. 

The Grassmannian G{2, Vq) is also called the third Severi's variety and it is a classical 
result that its projection from a general line has a single triple point (cf |I-Mj . [Z]). In 
section m we show that it has a second exceptional property of this type: It's projection 
from a general P3 has a single multiple point of order 5. From this result and the 
descriptions obtained in the section [3l we obtain an explicit normal form for five general 
lines of P5 and also the following theorem: 

Definition 1.2 A complete pentaedron inscribed in a cubic surface S of the projective 
space TTa is a set of 5 planes Hq, . . . of it 3 such that: 

i) {Hq, . . . , H4) is a projective basis of . 

a) The 10 points {Hi fl Hj fl Hk)o<i<j<k<4 are on S. 

We define "H (resp. 'Hard) to be the space of pairs {S, 11) such that S is a cubic surface of 
TTa and U is a complete pentaedron inscribed in S (resp. complete pentahedron inscribed 
in S with an order on the five planes). 

2 

Theorem 1.3 The space FiW^ ® /\Vq) / PGLiVe) is canonically birational to "H. 

Moreover, this map is explicited in two different ways and we have obtained a generic 
formula. Recently, F. Tanturri (cf [T]) found an algorithm to obtain a pfafRan represen- 
tation from the equation of a cubic surface. Although some representations are similar, 
the main difference is that any pfaffian bundle on the surface would solve his problem, 
while in our situation we have additional requirements such that only one bundle is 
solution, (cf. the section 14. 2p . 

In the last section we investigate those properties in families. We explain how the 
Debarre-Voisin's symplectic manifold can be considered as a parameter space for Palatini 
threefolds in a six dimensional variety of Pg. Those varieties of dimension six were 
discovered by C. Peskine. They are of independent interest because they are smooth 
and non quadratically normal in Pg (it's a boundary case in Zak's theory of quadratic 
normality). However, most of their geometric properties are unknown. In particular, it 
would be very interesting to understand those varieties from a Palatini threefold in a 
similar way that a Veronese surface is related to P2 x P2. So we will also explain in this 
section the consequences on the Peskine's varieties of the work on the Palatini threefolds 
done in the section |3l 
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2 Invariants of Pfaffian bundles over plane cubics. 



2.1 Ruled surfaces in P5, and the n = 3 case. 

In this section, we detail the case n = 3. The following easy lemma is a basic step that 
we will en-light the next sections. 

2 

Lemma 2.1 For a general element of W3 ® '^^ consider the associated exact 

sequence: 

y V^^O^,{-l) ^ Ve^O^, > F ^ (1) 

with M = — *M. The cokernel F is a rank 2 vector bundle over the smooth plane 
cubic C defined by the pfaffian of M , and F is isomorphic to one of the following bundles: 

a) C{1) © 'C^(l), where is a line bundle of degree on C such that h^{C^) = 0. 

b) F is the unique unsplit extention: 

^ ^(1) ^ F ^ e{l) 
where 9"^ = Oc and 6 ^ Oc- 

c) F = e{l) © ^(1) where Q'^ = Oc and 9 ^ Oc- 

Proof: To simplify the notations, let Fq denote F{—1). First one can remark that 
/i°(Fo) = 0, and that Fq ~ (-^0)^ because M is skew-symmetric. So we have A^(Fo) = 
Oc- We choose a point p on C. We will now prove that there is a point r of C such 
that h°{Fo{p - r)) > 0. 

From Riemann-Roch's theorem the bundle Fq{p) has a pencil of sections. This gives, 
on Pi X C, a section of the bundle Cpi(l) Kl Fq{p). But the computation of the second 
Chern's class of this bundle implies that this section has a non empty vanishing locus, 
so there is a point r of C such that h^{Fo{p — r)) > 0. Let's recall that h^{Fo) = 
to obtain that Oc{p — r) is not trivial and that F is isomorphic to one of the 3 above 
cases. □ 

Remark 2.2 The ruled surface Proj{S*{F)) has a natural embedding in P5 given by 
the surjection in the sequence (J\) such that in the cases: 

a) it contains 2 plane cubics, and the 2 planes spanned by these curves are disjoint 
in P5. 

b) it contains only 1 plane cubic. 

c) it contains infinitely many plane cubics. The planes spanned by these curves are 
the planes of a Segre: Pi x P2 C P5. 

Moreover, the planes in those 3 cases are the planes of P5 isotropic for all the skew- 
symmetric forms defined by M. 
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Proof: In those 3 cases, the bundle F has an invertible quotient of rank 1 and degree 
3. We just have to show that those embeddings of C are isotropic for M. But it is a 
corrolary of the fact that the resolution of F can have a skew-symmetric form deduced 
from the isomorphism: A^(-F(— 1)) ~ Oc- Conversely, any isotropic plane for M gives 





the existence of P G GL{Ve) such that: *P .M.P = ^ ^ q J j where A, B are 3 by 3 

matrices with linear entries. So the cokernel of A gives the expected invertible quotient 
of F of degree 3. □ 

2.2 Universal settings and the S'L(V6)-invariant double cover 

2 

Definition 2.3 Let 6^(3, Vg^) and G(3, /yVJj) he the Grassmannians of 3-dimensional 

2 

vector subspaces of Vq and /\Vq. Denote by and their tautological sub-bundles. 
We define the isotropic incidence: 

Z c G(3, Vg^) X G(3, A Ve) ^ 0(3, f\ V^) 

pi 

G{3, V,' 
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to be the vanishing locus of the unique SL{Ve) -invariant section of f\K^ ME^. Denote 
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byU the open subset of G(3, /\Vq) made of subspaces such that the intersection of their 

2 

projectivisation with the pfaffian hypersurface o/P(/\V6) is a smooth cubic curve. 

The restriction of Z to G{3, V^) xU will be noted: Z^. Let E12 be the rank 12 bundle 
defined by the exact sequence: 

2 2 
> E,2 > KV^^Ocizy-) ^ A^3 ^ (2) 

I'd like to thanks A. Kuznetsov for the following description of Z from the relative 
Grassmannian. 

Proposition 2.4 The isotropic incidence Z is isomorphic to the relative Grassmannian 

2 

(7(3, E12) of linear subspaces of the bundle E12. The projection Zu ^ U C. G{3, /\ Vg) is 
generically finite of degree 2. The fibers of this morphism over an element of type a,b,c 
in Lemma \2.1\ is respectively in G{3,Vq): 2 points, 1 point, and a rational cubic curve. 

2 

Proof: Let (/x, u) be an element of (7(3, V^) x G(3, /\ Vq). The fiber of a vector bundle 
at n (resp. v) will be noted by the name of the bundle with the index /i (resp. z/). The 
vector space K^^^ is isotropic for all the skew-symmetric forms defined by the elements 
of R^^v if and only if (yU, v) G Z, but also if and only if the composition: 
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is the zero map. So {fi, u) E Z -^^^ R^ ,, C -^12,/^ and we have the equahty Z = 

The end of the assertion follows immediatly from the Lemma 12.11 and the Remark 
O □ 

2 

Corollary 2.5 The locus lAc in lA C G{?>, /\Vq) of planes of type c) has codimension 

3. Consider the following relation on Uc'- pTZp' if and only if Pi{p2^ (p)) = Pi{P2^ (p')) ■ 

2 

For any element p oflAc, there is a six dimensional subspace Lp of /\Vq such that the 
equivalence class of p forTZ is an openset of G{3, Lp) . 

Proof: From the proposition 12. 4^ for any p in Uc, Pi{P2^{p)) is & smooth rational cubic 

curve Cp in G{3,Vq). So the restriction of Eu to Cp is 60p^ © 6Cp^(— 1), and this 

bundle has a natural trivial sub-bundle of rank 6. Let Lp be the six dimensional vector 
2 

subspace of /\Vq obtained from the image of this sub-bundle by the injection of the 
sequence ([2]). 

The proposition 12 .41 describes Pi^iCp) as the relative Grassmannian G(3, Ei2\Cp)- Let 

F be a subvector bundle of rank 3 of -E'i2|Cp = Lp^O^-^ ©6Cpj(— 1). The case c) appears 

when the line bundle A^F^ contracts the curve Cp. But A^F^ is not ample if and only 

if F is a trivial sub-bundle of Lp © O^^. So pr^(Cp) ^ P2 ^(^c) is (U n ^(3, Lp)) x Cp, 

and the equivalence classe of p for 7?. is W fl G(3, Lp). So the dimension of Uc is the sum 

of the dimension of C{3, 6) with the dimension of the family of rational cubic curves in 

2 

G(3, Vg^) . In conclusion Uc has dimension 33 and codimension 3 in G(3, /\ Vg). □ 

3 Palatini threefolds 

In this section we will study the case n = 4. 

3.1 Definition and classical properties 

Definition 3.1 A smooth 3 dimensional sub-variety X of ¥5 is called a Palatini three- 
fold if there exists an element of a G /\Vq 1^ W4 such that X = Proj(S*{F)) where F 
is the pfaffian vector bundle defined from a in the Definition \l.l\ with n = A. 

Notation 3.2 In this section, denote by X a Palatini threefold in P5, by h the class of 
an hyperplane 0/P5, by S the pfaffian cubic surface in tt^ and by s the pullback on X of 
the class of an hyperplane ofn^. The cotangent bundle 0/P5 will be noted Qp^. 

So we can immediately obtain the well known resolution of its ideal: 
Remark 3.3 The ideal Ix of a Palatini threefold X in P5 has the following resolution: 

y W^®Op^ nl^{2h) y /x(4/i) y (3) 

^or a Palatini scroll 
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and the famous equality: 

U^OxW = /i°Cpg(2/i) + 1. 

To explain the natural embedding of X in the point/plane incidence of P5, F. Zak 
introduced the following vector bundle: 

Definition 3.4 The canonical extension 

> %^{h) > VJi®Cp5 > 0^^{h) > 

induces on a Palatini threefold X the following one, where the rank 3 vector bundle Ex 
is defined to he the middle term. 

> N^i^h) y Ex > Ox{h) > 0. 

The resolution of Ex as an Of^^-module is: 

> W^®0^,{-h) ^e^Cp, > Ex > 0. (4) 

and the determinant of Ex is Ox{^h — s). 

2 

From the inclusion C /\Vq and the identification W4 = A^W^ , we can consider 

2 

as a sub- variety of G{3, /\ Vq). 

Proposition 3.5 Let he the restriction of the isotropic incidence Z C G^SjVq) x 
2 

G{3, /\Vq) to G{3,Vq) X vTg . Then Z^ is isomorphic to X and the projection from Z4 
to G(3, Vg^) is an emhedding. 

Proof: Let's first recall the classical description of quadrisecant lines to X. Let and 
B be the 3 dimensional vector subspaces of Vq and corresponding to a point of 
Z4. Denote by A' the kernel of the sujection from Vg to A and P(y4^) C P5 by vr^. The 
restriction of ^^^^(1) to ha is A' 0-„^ © fi^^(l). Now using the isotropy of vr^ with 
respect to all the elements of B we see that the restriction to tta of the left map of 
sequence ([3]) is the direct sum of the following maps: 

B ® a^(-i) ^ A' ® and ^ a^(-i) ^ ni^i). 

The determinant of the first one gives a cubic curve in vr^ fl X, and the second one 
vanishes on a single (residual) point of vr^ n X. So we have constructed a morphism 
from Z^to X: {A^ , B) ^ /i. 

Moreover, this vanishing shows by specialization of the sequence (jl]) at the point /j, 
that the fiber of Ex at is A^. So Z4 and X have the same image in G{3, V^), and the 
proof of the proposition is reduced to the proof of the embedding of Z4 to G{3, Vq). But 
the fiber of this morphism over the point of G{3,Vq) corresponding to is a single 
point because is not isotropic for all the elements of . So this projection of Z4 
is one to one, and it must be an isomorphism because the fibers are given by linear 
conditions. □ 
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3.2 Anticanonical properties 

Lemma 3.6 The canonical line bundle of X : ux is isomorphic to Ox{s — 2h). With 
the notations \3.Sl we have from the equality W4 = H^{Os{l)) a canonical isomorphism: 

Proof: The isomorphism ux — Ox{s — 2h) can be computed directly from the definition 
13.11 We obtain the isomorphism H^{ux) = from the isomorphism between X and 
Z4 found in the proposition 13.51 and the fact that u^^ is the pull back of Ot^v^I). □ 

Proposition 3.7 The linear system \ux\ has no base points and gives a morphism of 
degree 2: 

X ^ n)( cGi3,/\Ve) 

The anticanonical linear system of X contracts 5 rational curves of degree 3 for the 
embedings of X in P5 and in G{3, Vq). 

Proof: The contracted curves of this morphism correspond to the case c) of the lemma [2^2] 
namely the planes of a segre. So they are smooth rational cubic curves in G{3, V^). By 
definition, on such a curve, de divisors 2h and s are equivalent because Ux = Ox{2h — s). 
So those curves have the same degree with respect to h than to 3h — s. So the proof 
will end after the following: 

Lemma 3.8 Let F be the normalized bundle F{—1). The vector space 

has dimension 5 and it is the kernel of the A by 4 pfaffian map associated to M: 

> H'^ > ]\Vq = ]\ > > 0- 

Moreover the exceptional locus in VTg of the projection X = ^ t^'^ is given by the 4 
by 4 pfaffians of a skew-symmetric map: 

® av(-i) — ^ H® av. (5) 

Proof: Let i be an isomorphism: K^F — )■ Os- The restriction of F to a plane P is of 
type c) in the lemma [2^2] if and only if we have h^{S'^{Fp)) = 3. 
To globalize this condition, let's consider the complex: 

C'-.Q ^ ^ 0^,i-2) ^ Ve® 0^,i-l) > 

exact in degree —1 and with cohomology F in degree 0. The exterior power of C 
tensorised by Ot,,^{2) is: 

¥ S^V^ ® 0^,i-2) > ^Ve® 0^,i-l) ^ A ^6 ® ^3 ^ 
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with cohomology in degree (-2,-1,0): (0, 5'2(F)(-1), (a2(F)(2))). So the hyper- 
cohomology's spectral sequence of this complex gives the exact sequence (jS]) and the 
dimension of . 

Now take the symmetric power of C : 



K* ■ 



-3) > ^V6®C,3(-2) > 0. 



Its cohomology in degree (-2, -1, 0) is (0, (a2(F))(-3), S^{F)). 

Now consider the point /plane incidence variety Is C TTg x tts and denote by and 
P3 the first and second projections of this product. The hyper-direct image by p\ of 
p%,K* gives the exact sequence: 

-> pUpHS^F)) H\S\F){-l))®O^.A-l) ^ H\S\F))®0^. -> R^ptMiS^F)) -> 



Let's now explain how to consider the map dm as a skew-symmetric map. The 
isomorphism i gives a symmetric isomorphism i' : 5*2 — ?■ 5*2 (-F^) so the following 
square is commutative: 



{S2F){-l)®S2F ^ (52F^)(-l)®52F 



{S2F){-1] 



The cup-product //^ ((52F)(-1)) ® /f^ ((S2F)(-1)) ^ iJ^ ((^^^ ^ ^2i^)(-2)) is anti- 
commutative, so for any z G W4 the following square is also anti-commutative: 



H' {{S2F){-1)) ® {{S2F){-1)) 



E^[{S2F){-\))®E^ {S2F) 



H' {S2F) ® {{S2F){-1)) 



{S2F (g) {S2F){-1)) 



t' o{id®i') 



{{S2F){-1) ® S2F) 
In conclusion, the composition: 

H-'^O^A-l) ^ H\S2F)(g)0^^^ H\S2iF' 



To(i' 



H\Os{-l)) 



Serre's duality 



is skew-symmetric and the lemma is proved because the type c) cases correspond to the 
locus where this map has rank at most 2. □ 

Definition 3.9 Let S5 he the symmetric product of order b ofn^. We define the rational 
map $1 to be: 



$1: FiW^®/\Ve)/PGLiVe) 
a 



^ (5,(/io...M) 

where S is the pfaffian cubic surface defined by Ma, and where ho, . . 
linear sections of S defined in the proposition \3.7\ 

In the section H] we will understand the image of this map. 



hi are the five 
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3.3 Palatini threefolds and endomorphisms 

The exceptional geometric properties of a Palatini threefold are classically considered 
as natural generalizations of what happens to a Veronese V surface embeded in P4. For 
instance, in the Veroneze situation, the sequence [3] is replaced by: 

> W^^Op, ^ > Iv{3h) > 0. 

But the main difference is that in the theory of Severi varieties the embedding of V 
by the complete linear system |(9v(^)| is understood from an interpretation in terms of 
matrices of size 3 x 3 of rank 1. For a Palatini threefold, there is no similar result to 
describe the embedding by the complete linear system \Ox{'^h)\. The following remark 
could be a first step in this direction: 

Remark 3.10 The restriction of the line bundle uj\ M Ox{s) to the diagonal of X x X 
gives the natural inclusions: 

®W4 C H%Ox{2h)) 

In other words, the embedding of a Palatini threefold X with |(9x(2/i)| has a canonical 
projection in F(W^ W4,), and the image of X by this projection is included in the 
endomorphisms of W4 of rank 1 . 

Proof: It's straighforward from the lemma ESI D 

2 

4 Geometry in /\Vq 

4.1 Projections from linear spaces 

The Grassmannian variety G{2, 6) is one of the 4 Severi varieties, and well known to 
have the exceptional property that its projection from a general line has a unique triple 
point. Here, we prove that it has the same property with projection from a P3 and 
points of multiplicity 5: 

2 

Proposition 4.1 Denote by the subspace of G{5, /\Vq) defined by the five dimen- 
sional vector spaces such that the intersection of their projectivisation with G{2, Vg) is 

2 

5 linearly independent distinct points. Let be a general subspace of /\Vq, then there 
is a unique element ofU^ containing . 

Proof: First remark that the incidence variety 

2 

2 

has the same dimension as G(4, /\ Vq), so we have to prove that the natural projection 
is birational. 
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So, consider a general element in the image of this projection, and chose an 
element such that (W^ , W^^) G 14,5, and denote by n^, 714 their projectivisation as in 

the introduction. The vector space if°(J7r3 00(2,^6) (2)) is the kernel of the pfaffian map 

4 

/\ Vq — )■ S2W4. So it has dimension 5. Now remark that for such a we also have 
^°(-^7r4UG(2,V6)(2)) = 5 because the ideal of those 5 points in 714 is a 10 dimensional space 
of quadrics. So we proved that must be in all the quadrics of if°(J7r3UG(2,y6)(2))- So 
we have found the following linear conditions satisfied by any of U5 containing W^: 

C fl «)^« 

geH0(/^3UG(2,V6)(2)) 

where _Lg denotes the orthogonal with respect to q considered as a quadratic form on 
/\^Vq. So the unicity of will be a corollary of the existence of an exemple of W4 

such that f] (W^)-'-'' has dimension 5 as it is the case in the following: 

ge//0{/,3UG(2,vg){2)) 

Example 4.2 Let's consider a basis (ej) o/Vq, and the 5 elements 

Uq = eoAe3,Mi = eiAe4,M2 = e2Ae5,M3 = (eo+ei+e2)A(e4+e3+e5), M4 = (ei+e4+e2)A(e3+e 
Denote by the 5 dimensional vector space spanned by the (ui) and 

0<j<4 0<i<4 

Then f] (W^)-^'' has dimension 5. 

Proof: We can compute with |Macaulay2] that _f/'°(/^3UG'(2,v6)(2)) is generated by the 
five quadrics in Plucker coordinates: 

• P{3,4)P(1,5) - P(1,4)P(3,5) + P(1,3)P(4,5) 

• P(1,2)P(0,5) -P(2,4)P(0,5) -P(0,2)P(1,5) +P(2,3)P(1,5) +P(0,1)P(2,5) -P(1,3)P(2,5) +P(0,4)P(2,5) " 
P(3,4)P(2,5) + P(1,2)P(3,5) + P(2,4)P(3,5) - P(0,2)P(4,5) " P(2,3)P(4,5) 

• P{2,3)P(0,4) -P(0,3)P{2,4) + P(0,2)P{3,4) " P(1,3)P(0,5) +P(2,4)P(0,5) -P(3,4)P(0,5) +P(0,3)P(1,5) " 
P(2,3)P(1,5) +P(1,3)P(2,5) -P(0,4)P(2,5) +P(3,4)P(2,5) " P(0,1)P(3,5) " P(1,2)P(3,5) +P(0,4)P(3,5) " 
P(2,4)P(3,5) + P(0,2)P(4,5) " P(0,3)P(4,5) + P(2,3)P(4,5) 

• P(1,2)P(0,4) -P(0,2)P(1,4) +P(0,1)P(2,4) " P(2,4)P(0,5) + P(2,3)P(1,5) " P(1,3)P(2,5) + P(0,4)P(2,5) " 
P(3,4)P(2,5) + P(1,2)P(3,5) + P(2,4)P(3,5) " P(0,2)P(4,5) " P(2,3)P(4,5) 

• P(1,2)P(0,3) -P(0,2)P(1,3) +P(0,1)P(2,3) -P(2,4)P(0,5) +P(3,4)P(0,5) +P(2,3)P(1,5) -P(1,3)P(2,5) + 
P(0,4)P(2,5) -P(3,4)P(2,5) +P(1,2)P(3,5) " P(0,4)P(3,5) +P(2,4)P(3,5) - P(0,2)P(4,5) +P(0,3)P(4,5) " 
P(2,3)P(4,5) 
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and check that the ideal of the orthogonal of tx^ with respect to these 5 quadrics is gen- 
erated by the 10 independant equations: (p(3,5),P(o,5) -P(i,5) +P(4,5),P(3,4) +P(4,5),P(2,4) - 

P(l,5) + P(4,5),P(0,4) -P(l,5) + P{4,5),P(2,3) " P(l,5) , P(l,3) - P(l,5) , P(l,2) + P{4,5), P{0,2), P(0,1))- 

So this example completes the proof of the birationality of the projection from 14^5 to 
2 

(7(4, /\ Ve), so of the proposition gTll □ 

Corollary 4.3 With the notations of the definition \1.2\ we can define the rational map 
$2 to be: 

$2: F{Wi® /\Ve)/PGL{Ve) U 

a ^ {S,{Ho...H^)) 

where S is the pfaffian cubic surface defined by M^, Hi is the intersection ofir^ with the 
projective spaces spanned by {uj)o<j<4:,j^i, and (uj)o<j<4 are the five points of G{2, Vq) 
such that 7C3 is in their linear span. 

Proof: After the proposition I4.H we only have to explain why Ho, . . . ,H4 is inscribed 
on S. But for {io, . . . , ^4} = {0, . . . , 4} the point i^jp fl Hi-^ fl iJjj is on the line {ui^,UiJ 
so it corresponds to a matrix of rank 4 and is on S. □ 

4.2 An explicit formula and the proof of the theorem 11.31 

Surprisingly, we are able to give in this section an explicit formula. Recently, a ex- 
plicit result was also found by F. Tanturri in |T]: An algorithm to obtain a pfaffian 
representation from a cubic equation. The two main difference, are the following: 

-first he wants to find any pfaffian representation of S, but here we need to find a 
unique point in the moduli space. 

-The construction starts with five points on S, so it is a problem of extending the 
5 by 5 skew-symmetric matrix of the resolution of the 5 points to a 6 by 6 one with 
pfaffian S, while we start with an inscribed pentahedron. 



Lemma 4.4 Let (xj)o<j<3 be a basis 0/W4, and Ag be the following subspace ofC^'^xF^: 

•Ag = < ((ajJ,fc)o<i<j<A:<4; (&i)o<i<4) 



^0,1,4 = 1 and for < i < 4, hi ^ 0, 
and for 0<i<j<k<3, aij^k = 1 



Then the following map is birational: 



(6) 



PGLi^ X Ag — ^ 'Hord 

(P, ((a (&.)o<.<4)) ^ iS,{Ho,...,H^)) 

where 

aij^k-Wi.Wj.Wk = 0, 

0<j<j<fc<4 

is an equation of S, and for all < i < 4, Wi = is an equation of Hi with the following 

3 

equalities: W4 = ^ 



i=0 



/ Wo \ 






Wl 


= P. 


Xl 












\ ^3 / 
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Proof: Let 11 = {Hq, . . . , H4) be an ordered pentahedron and P' be the unique projective 
transformation that sends the ordered pentahedron {xq, Xi, X2, x^, Xq + Xi + X2 + x^) to 



(Ha 



H4). Denote by hi the equation of Hi defined by: 



/ ho 


] 




( ^0 \ 


hi 




= P'. 




h2 








\ h3 


) 




\ ^3 ; 



and 



/14 = Yl'i=o ^i- The cubic surfaces S such that {S, U) is in Tiord are the smooth surfaces 
with equation: 

Ai,j,k-hi.hj.hk = 0, (Ai,j,fc)(0<j<j<A:<4) £ Pg- 

0<i<i<fc<4 

Now remark that the map: 

A9 ^Pg 

(a, 6) t-)- {Aij^k = 0'i,j,k-bi.bj.bk)Q<i^j^k<4 
is birational because we can compute its inverse with the formula^: 

A,i,4 ^0,1,3 



bo_ _ ^0,1,2 ^ _ ^0,1,2 ^ _ ^0,1,2 ^ _ ^0,1,4 
bs ^1,2,3 ' ^3 ^0,2,3 ' &3 ^0. 



1,3 (^3 



A 



«J,3 



^0,1. 



So we obtain the lemma with the equahties: < i < 4, = hi.bi and P defined by the 

64 ' 



product of the diagonal matrix (|^, . . . , ^) with P' . □ 



Definition 4.5 Lei 5e the set of triples {a,b,u) such that {a,b) is in Ag and u is a 
root of the equation in X : 

+ X ■ (1 + ao,2,4 - ^0,3,4) + ao,2,4 = 
and denote by v = —{1 + 00,2,4 ~ ^0,3.4) — u the other one. Define the following: 

Cl = Clo,2,4+«'l,2,4— ^2,3,4, 62 = 1+01,2,4 — 01,3,4,63 = (—01,2,4+01,3,4 — l)'y—Ol, 2,4 — 0-0,2,4+02,3,4 



Ma 



( 

—u 
1 

— Ol,2,4 

-ei 

-62 



U -1 Oi,2,4 




Oi,2,4f — Oi,2,4 

-01,2,4"^ 63 



ei 

Oo,2,4 
—V 



62 
—U 
1 



-Oo,2,4 V 
U 



Mr 



0123 







-Wo - W3 
-W3 







-Wi - W3 
-W3 



-1 Oi,2,4 -63 / 

Wq+Ws Ws Ws 

W3 Wi+ W3 Ws 

W3 Ws W2 + W3 

-W3 

-W3 

-W2 — W3 



^If one works with affine spaces instead of Pg and P4, then one needs to extract a cubic root to solve 
the equahties. 
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Theorem 4.6 For a generic element {P, {a,b,u)) of PGL^ x A!^, the element a G 

2 

P(W4 ® A'^e) defined by M = M0123 + W4M4 ts such that: <l>i(a) = $2(0) = {S,U) 
where the equation of S and U are given by the formula in the lemma \4-4\ 

Proof: The difficuhy was to find M4. It was done by tracking the rational cubic curve in 
P5 associated to the plane ti'4 = in the proposition 13.71 But now that we have found 
M4, it is much easier to check that M safisties the required properties. 

NB: To obtain a more compact presentation, we have glued the indexes of the ai^^k 
in the next formulas. 

- First, one can check that the pfaffian of M is 

0<i<j<k<3 



- Now to prove that $2('^) = {S, H) we just have to remark that M4 has rank 2, and 
also the 4 values of M0123 at the points where {wq, Wi, W2, W3) take the values (1, 0, 0, 0), 
(0,1,0,0), (0,0,1,0), (0,0,0,1). 

- To obtain that $i(a) = {S, U) we need to find 5 elements (Pi) of GLiy^) such that 

'Pi M.P, = (y\ where A, are 3 by 3 symmetric matrices with linear entries. 

We found the following ones easily. 



MP3 



/ 














1 \ 


V 

u 








(— (1024— ai24+a234) 

u 











1 








1 + ai24 ~ '^134 











































1 








V 











1 


0/ 



but the next ones only after understanding that we should use the SL2 x SL2 x SL2 
action that preserves the 3 marked lines in the intersection of the two Segre Pi x P2 
defined by = and W4 = 



Pi 



I 

(-M)(a024+«) 
Ct024(«+1) 
"(^024+") 
1024 









1 








— ao24 
0234 
Q024 
0234 



u 

0-234, 
— U 

0234 







Q024 O134 — 0-(niU— ao24 +"^0234 
0024(11+1) 
— O024Oi34+O024f+O024 — "O234 
O024(w+1) 







-0124 
u 




1 









-1 
1 





/ ^ 

0134 



]_ 

0134 
0134 



V -— 

^ 0134 





l+v 
u+1 

-1-1) 

M+1 










1 











1 







-f-O024+O234+l'Ol34 
u+1 

l'+O024— 0234— l'Ol34 
u+1 



1 

-1 






^124 




1 
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v 



^124 




1 






- (a024 M+ao24 - ""234 ) 
J?a234 
(ao24'»+ao24-'»a234)^ 





(n+1) (a024 U+ao24—ua234 ) 
a234lt 

(— M— l)(ao24M+ao24— Ma234) 
1234" 





—^134 



'^134 







-ai24 ao24 



002411+1024— 'i"J234 




tt(ao24^a234) 
ao24M+ao24-Ma234 














-1 
1 





Q024ai34— 0024"— a024+"a234 ^ 
a024"+£l024— «a234 



— 00240134 +Q024"+a'024—"Ct234 
a024'"+a-024-«a234 

-1 



1 



and we have proved the theorem 14.61 □ 



We are now able to obtain a more exphcit version of the theorem 11.31 stated in the 
introduction. 

Corollary 4.7 The maps $i and $2 coincide on a open set, and they give birational 
maps: 



Proof: 

First remark that both spaces are irreducible of dimension 24. Now consider with 
the notations of the definition 14.51 the following map: 



PGUxM^ ^ ¥{W^®KV^) , where u-4 = E — 
(P,a,6,M) ^ (M0123 + «^4.M4).C i=o 



hi ' 



and 



/ Wo \ 




f 


xo 


\ 


Wi 


= P. 




Xi 










X2 




\W3 J 






X3 


J 



and denote by / its composition with the canonical projection from P(W4 (g) /\ Vg)) to 

F{W,^f\Ve))/PGL{Ve). 

The map PGL4 x A'g ^ PGL4 x Ag has degree 2 because of the permutation of 
u and V, and the rational map PGL4 x Ag to has degree 5! from the choice of the 
order and the lemma 14.41 So we have from the theorem 14.61 the commutative diagram 
of rational maps: 



PGU X A'g 

f 

nW^(^^Ve))/PGL{V, 



— '■ — y PGL^i X Ag — '■ — y Hord 



(5!):1 



$2 



So $1 and $2 are dominant and coincide on an open set, and we just have to prove 
that / has degree 2.(5!) also. We will do this by providing an example of (S*, 11) e H 
such that the permutation of u and v, and the permutations of the elements of 11 can 
be obtained by the action of GL{Vq). It is more convenient to take an example where 
all the elements in the preimage of {S, 11) in PGL4 x Ag have all the same values for 
(a) and (6). So we end the proof with the following invariant example: 
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Example 4.8 (Klein- Sylvester) With the following values: u = e~,v = e~3~. for 
0<i<j<k<4, aij^k = 1- The permutation of u with v, and also the permutations 
of the {wi)o<i<4 can be obtained from the action of GL{Vq) on M = M0123 + W4.M4. 
Note that if we add the conditions hi = —64 for < i < 3, this is the case of the Klein 
cubic with its Sylvester Pentahedron). 



Proof: Denote by Pt 



to ti 

t2 h 



the matrix 



f tn h \ 

to ti 

to ii 

t2 t3 

t2 ta 

V t2 ta y 



and remark 



that ^Pt M0123PT = Mdi23 when 
block diagonal matrix 



to ti 

t2 ts 



= 1. For a square matrix T, let Dj- be the 
So we will first use matrices like Dj- to obtain the 



r 
r 

desired form in the plane W4 = and then correct the last matrix with Pt- We found 
the following matrices: 



Permutation of u and v. P., 



01 



1 

1 I , and Poi = ^3 



1 
permutes Wq and Wi. 




then 'Pu,M4Puv = M4. 



, the conjugaison *(L)toi-Poi) .M.^Dto^.Pqi] 



. Tr 



02 



1 \ 

1 ,Po2 

10 0/ 

permutes Wq and W2. 







— ITT 


2 




V 


V2 


V2 



the conjugaison \Dto2-Po2) ■M.{Dtq2-P^ 



02; 



111 
0-10 
0-1 
permutes Wq and w-^. 



03 



Pr 



03 



34 




P 



34 



2 

— V 

V2 



V2 

2 



V2 



2 

u 

V2 



the conjugaison *(P'ro3-^03) ■M.{Dto3-P( 



03) 



then XP3Dt,,P34) M .{P^Dt,,P,, 



34; 



permutes W4 and with the matrix P3 defined in the theorem I4.6[ 



This completes the proof because we have provided a generating set of the permuta- 
tions. □ 

So the corollary 14.71 and the theorem 11.31 are also proved. □ 
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A normal form for 5 general lines in P5 



The explicit forms of the definition 14.51 and the theorem 14.61 have the the following 
straighforward translation, that should help to handle 5 lines in P5 or to understand 
{G{2,V,)f/PGL{y,). 

Corollary 4.9 Five lines in general position in P5 can he put in the following form: 

eo A €3, ei A £4, €2 A €5, (eo + ei + €2) A (eg + €4 + €5) 

(-eo + ve^ - es) A {u.ei - 62 + ai,2,4e3 + 61.64 + 62.65) 
for some basis (ej)o<i<5 ofV^, and some complex parameters m, t>, 01^2,4, Ci, 62. 

Proof: Let's use again the notations of the proposition 14.11 From five general lines in 

2 

P5, we obtain a five dimensional subspace of /\Vq containing the corresponding 

decomposable elements. So choose a general four dimensional vector subspace 

of , then {W^ ,W^) is a general element of the incidence variety 14^5. So from the 

Theorem 14 . 6 1 and the Corollary 14 . 71 the corresponding element of VF5®/\ Vg can be writen 
with the notation of the definition 14.51 M0123 + W4.M4. So we obtain the proposition. □ 

4.3 Questions on the magic square 

Remark 4.10 Let X be a non degenerate subvariety o/P„_i. Then the projection of X 
from a general linear space of dimension d — 2 is expected to have a finite number nd,x 
of points of multiplicity d when: 

d^ + rf(dim(X) - n - 1) + n = 0. 

The varieties related to the magic square are famous solutions of this problem for d = 2 
or 0? = 3 with nd,x = 1- For those varieties, what is the number '^a^x? 

For the Veronese surface we have ra2,x 7^ n^^x, but for P2 x P2, f3(Pi), Pi x Pi x Pi 
(Cf [H]) we have na^x = ^%,x = 1- And now, from the proposition 14.11 this equahty is 
also true for G{2, 6). 

5 Applications 

Let Vio be a 10-dimensional vector space over the complex numbers. In this section, 

we will first explain the relationship between two known constructions associated to the 

3 

choice of a general element of /\ Viq. Then we will discuss how the results of the previous 
section should be related to the symplectic form of the varieties constructed in |D-V] . 
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5.1 Peskine's example in Pg 

This example was constructed by C. Peskine to obtain a smooth non quadratically 
normal variety of codimension 3. 

Let Pg be a 9 dimensional projective space over the complex numbers, and denote by 

3 

Vio the vector space Vio = -/y°(Cpg(l)). Let a be a general element of /\ Vio, and denote 
by the i-th exterior power of the cotangent sheaf of Pg. From the identification 

3 

/\Vio = if°f2pg(3), we obtain a skew-symmetric map Ma from 1) to ^^pg(2) 

and an exact sequence: 

— ^ Opg(-3) — ^ i^l^n-l) ^ nl^{2) — ^ /y„(4) — ^ 

where ly^ is the ideal of the smooth variety of dimension 6 defined by the 8 by 8 pfaffians 
of Mo,. The following proposition is directly deduced from the previous exact sequence. 

Proposition 5.1 The variety Ya is such that h^{lYa{2)) = 1 and its canonical sheaf is 

5.2 Debarre-Voisin's manifold as a parameter space 

Denote by G{6, Viq) the Grassmannian of 6 dimensional subspaces of V^q. Let Kq (resp. 
(54) be the tautological sub-bundle (resp. quotient bundle). For any p G ^(6, V^io), the 
corresponding 5-dimensional projective subspace of Pg will be denoted by Hp. 

Debarre and Voisin proved in |D-V] the following: 

3 3 

Theorem 5.2 ffP^ Th 1.1). Let a he a general element o//\Vio = H^iK^e)- The 

3 

subvariety of G{6, V^q) defined by the vanishing locus of the section a of /\Kq is an 
irreducible hyper-Kdhler manifold of dimension 4 and second betti number 23. 

We can now remark the following relation between Y^, and Palatini threefolds: 

Proposition 5.3 Let p be a general element of Za. The scheme defined by the inter- 
section Ya n Palatini threefold. 

Proof: The restriction of ^^pg(l) to is ©4(9kp- The vanishing of the restriction 

of a to Kp implies that the restriction of Ma to Kp is: ^ ^ ^ with respect to 

the direct sums: {Vtl^y {-I) (^Kp)(2) ©4C^^(1). So the ideal generated by 

the pfaffians of size 8 of this map is also the ideal generated by the maximal minors of 
ap : 4:0 Kp — (fi^p)(2). In conclusion the scheme defined by the intersection Ya fl is a 
Palatini threefold as in the remark 13.31 □ 

Moreover, the following construction globalize the definition 13.11 and the pfaffian 
cubic surface over Z„. 
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2 

Remark 5.4 The restriction of the bundle /\Kq ® Q4 to Za has a non trivial section. 
It gives an infective map: 

2 

(g4)iz. ^(A^6)i^. 
3 2 

Proof: The section a of {/\Kq) gives a map from Kq to {/\Kq). But the restriction of 

2 

this map to Za is zero, so it induces a map from the quotient {Q^jiz^ to (/\ Kq)\z^- The 
injectivity of this maps of (9^^-modules follows from the assumption that a is general. □ 

5.3 Conjectures on the symplectic form on Za 

Remark 5.5 Let p be a general element of Za- The tangent space T[Za,p) ^0 Z^ at p 
contains a canonical set of 5 vector spaces of dimension 2. 

Proof: Let p be a general point of Za- From the remark 15. 4[ the fiber Q^^p is a 4- 

2 

dimensional subspace of (/\ Kq ). From the proposition 14. we obtain in Kq , a canon- 



2 

ical set of five vector subspaces (-Li)o<i<4 of dimension 2 such that ^ A-^« contains 

0<i<4 

(54,p. So the restriction of the map: 

2 3 
^21 ■■ f\Klp®Kl^^ f\Kl^ (7) 

gives the following commutative diagram of exact sequences: 

> T^z^,p) > Q4,p®KIp > A^6,p > 



( Ku)®Kl^ — ^ KkI^ — ^ 

0<i<4 

where the vertical maps are injectives and the first row is the normal sequence of Z^ in 

2 

G(6, Vio) at the point p. Now remark that m2i vanishes on each /\Li® Li because Li 

has dimension 2. So we can identify the kernel of the second row of the previous diagram 

2 

with the 10-dimensional vector space f\Li® Li., and we obtain an injection: 

0<i<4 



0<i<4 



So in general, the kernel of each projection T(Za,p) t\Li® Li gives a 2 dimensional 
vector subspace of T(Za,p)- D 
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Now we can remark that five points of G{2, Tz^,p) should define an hyperplane 7 in 

2 

f\'T^Za,p- Some random examples with |Macaulay2| let us expect that the ideal of these 
five lines {U) in P(7za,p) is given by the maximal minors of the map: 

Kq,p ® O^Tz^ p) ^ g4,p ® Cp(rz.,^)(l) 

obtained from the inclusion of the tangent space to Za in the tangent space to G(6, Viq). 
But if the alternate form 7 was degenerated, its kernel would give a fine in f'(Tz^,p) 
intersecting each k. But a variety defined by quartic hypersurfaces can't have a 5-secant 
line, so we can expect the following: 

Conjecture 5.6 The five vector spaces of dimension 2 canonically defined in the re- 
mark \57R are maximal isotropic suhspaces for the symplectic form on Tz^ constructed by 
Debarre and Voisin. 
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